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INTERIOR HESSIAN ESTIMATES FOR SIGMA-2 EQUATIONS
IN DIMENSION THREE
GUOHUAN QIU
Abstract. We prove a priori interior C2 estimate for σ2 = f in R3, which
generalizes Warren-Yuan’s result [19].
1. Introduction
The interior regularity for solutions of the following σ2- Hessian equations is a
longstanding problem in fully nonlinear partial differential equations,
(1.1) σ2(D
2u) = f(x, u,Du) > 0, x ∈ B1 ⊂ Rn
where σk the k−th elementary symmetric function for 1 ≤ k ≤ n.
Heinz [9] first derived this interior estimate in two dimension. For higher di-
mensional Monge-Ampere equations, Pogorelov constructed his famous counter-
examples even for f constant and convex solutions in [16]. Caffarealli-Nirenberg-
Spruck studied more general fully nonlinear equations such as σk equations in their
seminal work [1]. And Urbas also constructed counter-examples in [17] with k ≥ 3.
Because of the counter-examples in k ≥ 3, the best we can expect is the Pogorelov
type interior C2 estimates which were derived in [16, 4] and see [6, 11] for more
general form. So people in this field want to know whether the interior C2 estimate
for σ2 equations holds or not for n ≥ 3. Moreover, this equation serves as a simply
model for scalar curvature equations in hypersurface geometry
(1.2) σ2(κ1(x), · · · , κn(x)) = f(x, ν(x)) > 0, x ∈ B1 ⊂ Rn
here κ1, · · · , κn are the principal curvatures and ν the normal of the given hy-
persurface as a graph over a ball B1 ⊂ Rn. A major breakthrough was made by
Warren-Yuan [19], they obtained C2 interior estimate for the equation
(1.3) σ2(D
2u) = 1. x ∈ B1 ⊂ R3
The purely interior C2 estimates for solutions of equations (1.1) and (1.2) with
certain convexity constraints were obtained recently by McGonagle-Song-Yuan in
[14] and Guan and the author in [5].
Now we state our main result in this paper
Theorem 1. Let u be a smooth solution to (1.1) on B10 ⊂ R3 with ∆u > 0. Then
we have
(1.4) sup
B 1
2
|D2u| ≤ C,
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where C depends only on ‖f‖C2, ‖ 1f ‖L∞ and ||u||C1 .
In order to introduce our idea, let us briefly review the ideas for attacking this
problem so far. In two dimensional case, Heinz used the Uniformization theorem
to transform this interior estimate for Monge-Ampere equation into the regularity
of an elliptic system and univalent of this mapping, see also [8, 13] for more details.
An anothor interesting proof using only maximum principle was given by Chen-
Han-Ou in [2, 3]. Our quantity (2.95) as in [5] can give a new proof of Heinz. The
restriction for these methods is that they need some convexity conditions which
are not available in higher dimension. In R3, a key observation made in [19] is
that equation (1.3) is exactly the special Lagrangian equation which stems from
the special Lagrangian geometry [7]. And an important property for the special
Lagrangian equation is that the Lagrangian graph (x,Du) ⊂ Rn×Rn is a minimal
surface which has mean value inequality. So Wang-Yuan [18] can also prove interior
Hessian estimates for higher dimensional special Lagrangian equations. The new
observation in this paper is that the graph (x,Du) where u satisfied equation (1.1)
can be viewed as a submanifold in (R3 × R3, fdx2 + dy2) with bounded mean
curvature. Then instead of using Michael-Simon’s mean value inequality [15] as
in [19], we prove a mean value inequality for Riemannian submanifolds which is
implied in Hoffman-Spruck’s paper [10] in order to remove the convexity condition
in [5]. There also have sobolev inequalities as in [15] and [10]. But it seems not easy
to estimate the additional term in the sobolev inequalities by using only Warren-
Yuan’s arguement. The other innovation part is that we can avoid using the sobolev
inequality by combining our new maximum principle method in [5] to solve the
problem for the equations (1.1) in R3.
The scalar curvature equations and the higher dimensional case for σ2 Hessian
equations are still open to us.
2. Preliminary Lemmas
We call a solution of the equation (1.1) is admissible, if u is smooth and D2u ∈
Γ2 := {A : σ1(A) > 0, σ2(A) > 0}. It follows from [1], if D2u ∈ Γ2, then σij2 := ∂σ2∂uij
is positive definite. So the Hessian estimates can be reduced to the estimate of ∆u
due to the following fact
(2.1) max |D2u| ≤ ∆u.
In the rest of this article, we will denote C to be constant under control (depending
only on ‖f‖C2, ‖ 1f ‖L∞ and ‖u‖C1), which may change line by line.
Lemma 1. Suppose u satisfies the equation (1.1), we have the following equations
(2.2) σkl2 ukli = fi,
and
(2.3) σkl2 uklii +
∑
k 6=l
ukkiulli −
∑
k 6=l
u2kli = fii.
If f is a form with gradient term, there are estimates
(2.4) |Df | ≤ C(1 + ∆u),
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and
(2.5) − C(1 + ∆u)2 +
∑
p
fupupij ≤ fij ≤ C(1 + ∆u)2 +
∑
p
fupupij
Proof. The equations (2.2) and (2.3) follows from twice differential of the equation
σ2(D
2u) = f and the elementary fact that
(2.6)
∂2σ2
∂ukk∂ull
= 1 for k 6= l,
∂2σ2
∂ukl∂ukl
= −1 for k 6= l,
∂2σ2
∂upq∂ukl
= 0 otherwise.
Moreover, by (2.1) and these direct computations
(2.7) fi = fxi + fuui + fupupi,
and
fij = fxixj + fxiuuj + fxiupupj + fuxjui + fuuuiuj + fuupupjui(2.8)
+fuuij + fupxjupi + fupuujupi + fupululjupi + fupupij ,(2.9)
we get the estimates (2.4) and (2.5). 
The second lemma is from [12].
Lemma 2. Suppose W ∈ Γ2 is diagonal and W11 ≥ · · · ≥ Wnn, then there exist
c1 > 0 and c2 > 0 depending only on n such that
(2.10) σ112 (W )W11 ≥ c1σ2(W ),
and for any j ≥ 2
(2.11) σjj2 (W ) ≥ c2σ1(W ).
Let us consider the quantity of b(x) := log∆u, we have
Lemma 3. If u are admissible solutions of the equations (1.1) in R3, we have
(2.12) σij2 bij ≥
1
100
σij2 bibj − C∆u +
∑
i
fuibi.
Proof. We may assume that {uij} is diagonal. The differential equation of b by
using (2.3) is
A := σij2 bij − ǫσij2 bibj =
σij2 (∆u)ij
σ1
− (1 + ǫ)σ
ii
2 (
∑
k ukki)
2
σ21
(2.13)
=
∑
i
(
∑
k 6=p u
2
kpi −
∑
k 6=p ukkiuppi) + ∆f
σ1
(2.14)
− (1 + ǫ)σ
ii
2 (
∑
k ukki)
2
σ21
.(2.15)
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We use (2.2) to substitute terms with uiii in A,
A =
6u2123
σ1
+
2
∑
k 6=p u
2
kpp
σ1
− 2
∑
k 6=p ukkpuppp
σ1
(2.16)
−2u113u223 + 2u112u332 + 2u221u331
σ1
(2.17)
+
△f
σ1
− (1 + ǫ)σ
ii
2 (
∑
k 6=i ukki + uiii)
2
σ21
(2.18)
≥ 2(u
2
211 + u
2
311 + u
2
122 + u
2
322 + u
2
133 + u
2
233)
σ1
(2.19)
−2(u221 + u331)(f1 − σ
22
2 u221 − σ332 u331)
σ1σ112
(2.20)
−2(u112 + u332)(f2 − σ
11
2 u112 − σ332 u332)
σ1σ222
(2.21)
−2(u113 + u223)(f3 − σ
11
2 u113 − σ222 u223)
σ1σ332
(2.22)
−2u113u223 + 2u112u332 + 2u221u331
σ1
(2.23)
− (1 + ǫ)[
∑
k 6=i(σ
ii
2 − σkk2 )ukki + fi]2
σ21σ
ii
2
(2.24)
−Cσ1 +
∑
i
fuibi.(2.25)
Then we can write explicitly of the second last term and use Cauchy-Schwarz in-
equality and Lemma 2,
− (1 + ǫ)[
∑
k 6=i(σ
ii
2 − σkk2 )ukki + fi]2
σ21σ
ii
2
≥(2.26)
− (1 + 2ǫ)[(λ2 − λ1)u221 + (λ3 − λ1)u331]
2
σ21σ
11
2
(2.27)
− (1 + 2ǫ)[(λ1 − λ2)u112 + (λ3 − λ2)u332]
2
σ21σ
22
2
(2.28)
− (1 + 2ǫ)[(λ2 − λ3)u223 + (λ1 − λ3)u113]
2
σ21σ
33
2
(2.29)
−C
ǫ
σ1.(2.30)
Due to symmetry, we only need to give the lower bound of the terms which contain
u221 and u331. We denote these terms by A1.
A1 :=
2u2221
σ1
+
2u2331
σ1
− 2(u221 + u331)f1
σ1σ112
(2.31)
+
2σ222 u
2
221
σ1σ112
+
2σ332 u
2
331
σ1σ112
+
2(σ222 + σ
33
2 )u221u331
σ1σ112
(2.32)
−2u221u331
σ1
− (1 + 2ǫ)[(λ2 − λ1)u221 + (λ3 − λ1)u331]
2
σ21σ
11
2
.(2.33)
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By Cauchy-Schwarz and Lemma 2 we have
−2(u221 + u331)f1
σ1σ112
≥ −2ǫ
2σ1(u221 + u331)
2
σ1σ112
− f
2
1
2ǫ2σ112 σ
2
1
(2.34)
≥ −2ǫ
2σ1(u221 + u331)
2
σ1σ112
− C
ǫ2
σ1.(2.35)
Then we get
A1 ≥ 2σ
11
2 + 2σ
22
2
σ1σ112
u2221 +
2σ112 + 2σ
33
2
σ1σ112
u2331(2.36)
+
4λ1
σ1σ112
u221u331 − 2ǫ
2σ1(u221 + u331)
2
σ1σ112
(2.37)
− (1 + 2ǫ)[(λ2 − λ1)u221 + (λ3 − λ1)u331]
2
σ21σ
11
2
(2.38)
−C
ǫ2
σ1.(2.39)
We will prove that A1 ≥ − Cǫ2σ1 in the following elementary but tedious two claims
1 and 2. Then we choose ǫ = 1100 , such that
(2.40) 1 + δ ≥ 1 + 2ǫ
1− ǫ ,
where δ is small constant in the Claim 2.
In all, we will get
(2.41) A ≥ −Cσ1 +
∑
i
fuibi.

Claim 1. For fix ǫ ≤ 25 , we have
(2.42)
2σ112 + 2σ
22
2
σ1σ112
u2221+
2σ112 + 2σ
33
2
σ1σ112
u2331+
4λ1
σ1σ112
u221u331 ≥ 2ǫσ1(u221 + u331)
2
σ1σ112
.
Proof. This claim follows from elementary inequality
(σ112 + σ
22
2 − ǫσ1)(σ112 + σ332 − ǫσ1)− (λ1 − ǫσ1)2(2.43)
= (1 − ǫ)2σ21 + (1− ǫ)σ1(λ2 + λ3) + λ2λ3 − (λ1 − ǫσ1)2(2.44)
≥ (1− ǫ)2(λ22 + λ23 + 2f) + (1 + 2ǫ)(1− ǫ)(f − λ2λ3)(2.45)
+(1− ǫ− ǫ2)(λ2 + λ3)2 + λ2λ3(2.46)
≥ (1− ǫ)2(λ22 + λ23)− ǫ(1− 2ǫ)λ2λ3(2.47)
≥ 2(1− ǫ)2|λ2λ3| − ǫ(1− 2ǫ)λ2λ3.(2.48)
If we assume 2(1− ǫ)2− ǫ(1−2ǫ) ≥ 0, we have above inequality nonnegative. 
Claim 2. For fix δ ≤ 120 , we have
2σ112 + 2σ
22
2
σ1σ112
u2221 +
2σ112 + 2σ
33
2
σ1σ112
u2331 +
4λ1
σ1σ112
u221u331(2.49)
≥ (1 + δ)[(λ2 − λ1)u221 + (λ3 − λ1)u331]
2
σ21σ
11
2
.(2.50)
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Proof. In order to prove this claim, we need to prove
[2(σ112 + σ
22
2 )σ1 − (1 + δ)(λ1 − λ2)2](2.51)
×[2(σ112 + σ332 )σ1 − (1 + δ)(λ1 − λ3)2](2.52)
≥ [2λ1σ1 − (1 + δ)(λ1 − λ2)(λ1 − λ3)]2.(2.53)
Because we have
2(σ112 + σ
22
2 )σ1 − (1 + δ)(λ1 − λ2)2(2.54)
= 2σ21 + 2λ3σ1 − (1 + δ)(λ1 − λ2)2(2.55)
= 2λ21 + 2λ
2
2 + 2λ
2
3 + 4f + 2λ
2
3 + 2λ3σ
33
2 − (1 + δ)(λ1 − λ2)2(2.56)
= (1− δ)λ21 + (1− δ)λ22 + 4λ23 + 6f + 2δλ1λ2.(2.57)
And similarly
2(σ112 + σ
33
2 )σ1 − (1 + δ)(λ1 − λ3)2(2.58)
= (1− δ)λ21 + (1− δ)λ23 + 4λ22 + 6f + 2δλ1λ3.(2.59)
We also compute right hand side of (2.53)
2λ1σ1 − (1 + δ)(λ1 − λ2)(λ1 − λ3)(2.60)
= 2λ21 + 2λ1σ
11
2 − (1 + δ)(λ21 − λ2λ1 − λ3λ1 + λ2λ3)(2.61)
= (1 − δ)λ21 + 2f − 2λ2λ3 + (1 + δ)(f − 2λ2λ3)(2.62)
= (1− δ)λ21 + (3 + δ)f − 2(2 + δ)λ2λ3.(2.63)
Then we have
[(1− δ)λ21 + (1− δ)λ22 + 4λ23 + 6f + 2δλ1λ2](2.64)
×[(1− δ)λ21 + (1− δ)λ23 + 4λ22 + 6f + 2δλ1λ3](2.65)
−[(1− δ)λ21 + (3 + δ)f − 2(2 + δ)λ2λ3]2(2.66)
= [(1− δ)λ21 + (3 + δ)f ][6f + (5− δ)(λ22 + λ23)− 2δλ2λ3](2.67)
+[(3− δ)f + (1 − δ)λ22 + 4λ23 + 2δλ1λ2](2.68)
×[(3− δ)f + (1 − δ)λ23 + 4λ22 + 2δλ1λ3](2.69)
+4[(1− δ)λ21 + (3 + δ)f ](2 + δ)λ2λ3 − 4(2 + δ)2λ22λ23(2.70)
= [(1− δ)λ21 + (3 + δ)f ][6f + (5− δ)(λ22 + λ23) + 2(4 + δ)λ2λ3](2.71)
+[(3− δ)f + (1− δ)λ22 + 4λ23][(3− δ)f + (1− δ)λ23 + 4λ22](2.72)
+2δλ1λ2[(3− δ)f + (1− δ)λ23 + 4λ22](2.73)
+2δλ1λ3[(3− δ)f + (1− δ)λ22 + 4λ23](2.74)
+4δ2λ21λ2λ3 − 4(2 + δ)2λ22λ23.(2.75)
The point in the above computation is that term [(1 − δ)λ21 + (3 + δ)f ]2 cancels
exactly. Moreover, other terms has a lot of room to play with if you choose δ small.
We deal with these terms and assume that δ ≤ 120
[(1− δ)λ21 + (3 + δ)f ](2.76)
×[6f + (5− δ)(λ22 + λ23) + 2(4 + δ)λ2λ3](2.77)
≥ (1 − δ)λ21(1− 2δ)(λ22 + λ23)(2.78)
≥ −4δ2λ21λ2λ3.(2.79)
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And
2δλ1λ2[(3 − δ)f + (1− δ)λ23 + 4λ22](2.80)
+2δλ1λ3[(3 − δ)f + (1− δ)λ22 + 4λ23](2.81)
= 2δ(f − λ2λ3)(3− δ)f + 2δ(1− δ)(f − λ2λ3)(λ22 + λ23)(2.82)
+2δ(3 + δ)λ1(λ
3
2 + λ
3
3)(2.83)
≥ −2δ(3− δ)λ2λ3f − 2δ(1− δ)λ2λ3(λ22 + λ23)(2.84)
+2δ(3 + δ)(f − λ2λ3)(λ22 − λ2λ3 + λ23)(2.85)
≥ −2δ(3− δ)λ2λ3f(2.86)
−2δλ2λ3(4λ22 + 4λ23 − (3 + δ)λ2λ3).(2.87)
We also have,
[(3 − δ)f + (1− δ)λ22 + 4λ23][(3− δ)f + (1− δ)λ23 + 4λ22](2.88)
≥ [16 + (1− δ)2]λ22λ23 + (3− δ)f(5− δ)(λ22 + λ23)(2.89)
+4(1− δ)(λ42 + λ43)(2.90)
≥ 4(2 + δ)2λ22λ23 + 16f |λ2λ3|+ 6δ(λ22 + λ23)2(2.91)
≥ 4(2 + δ)2λ22λ23 + 2δ(3− δ)λ2λ3f(2.92)
+2δλ2λ3(4λ
2
2 + 4λ
2
3 − (3 + δ)λ2λ3).(2.93)
We combine inequalities (2.79), (2.87) and (2.93) into (2.75) to verify inequality
(2.53). Finally we complete the proof of this claim. 
Lemma 4. Suppose u are admissible solutions of the equations (1.1) on B10 ⊂ R3
, then we have
(2.94) sup
B5
σ1 ≤ C sup
B1
σ1.
Proof. Denote ρ(x) = 102 − |x|2, and Mr := supB1 σ1. We consider a test function
in B10
(2.95) P (x) = 2 log ρ(x) + g(x ·Du− u) + log logmax{ σ1
M1
, 20},
where g(t) = − 12β (log(1 − t20max |Du|+2max |u|+1)) and β is a larger number to be
determined later.
Assume P attains its maximum point, say x0 ∈ B10, and σ1supB1 σ1 > 20. Then
P must attained its maximum point in the ring B10/B1. Moreover, we may always
assume σ1supB1 σ1
sufficiant large. We choose coordinate frame {e1, e2, e3}, such that
D2u is diagonalized at this point. By maximum principle, at x0, we have
(2.96) 0 = Pi =
2ρi
ρ
+ g′xkuki +
bi
b− logM1 .
and
Pij =
2ρij
ρ
− 2ρiρj
ρ2
(2.97)
+g′′xkukixlulj + g
′(uij + xkukij)(2.98)
+
bij
b− logM1 −
bibj
(b− logM1)2 .(2.99)
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Contracting with σij2 :=
∂σ2(D
2u)
∂uij
, we get
σij2 Pij = −4
∑
σii2
ρ
− 8σ
ii
2 x
2
i
ρ2
+g′′σii2 (xiuii)
2 + 2g′f + g′xkfk
+
σii2 bii
b− logM1 −
σii2 b
2
i
(b − logM1)2 .(2.100)
Using Lemma 1, we get
σij2 Pij ≥ −4
∑
σii2
ρ
− 8σ
ii
2 x
2
i
ρ2
(2.101)
+g′′σii2 (xiuii)
2 + 2g′f + g′xkfk(2.102)
+
σii2 b
2
i
100(b− logM1) +
∑
fuibi − Cσ1
b− logM1 .(2.103)
By (2.96),
(2.104) g′xkfk +
∑
i fuibi
b− logM1 ≥ −C(g
′ +
1
ρ
).
We may assume ρ2(x0) log
σ1(x0)
M1
≥ C . We also use Newton -MacLaur in inequality
σ1σ2 ≥ 9σ3 to get
σij2 Pij ≥ −4
∑
σii2
ρ
− 8σ
ii
2 x
2
i
ρ2
+ g′′σii2 (xiuii)
2(2.105)
+
σii2 b
2
i
100(b− logM1) −
Cσ1
b− logM1 .(2.106)
Then we divided into two cases.
Case 1: x21 ≥ 16 .
From (2.96), we know
0 = −4x1
ρ
+ g′x1u11 +
b1
b− logM1 .
We can assume
g′|x1|u11 ≥ 12|x1|
ρ
.
Otherwise we get the estimate from
(2.107) g′(b− logM1) ≤ g′u11 ≤ 12
ρ
.
Then we have
(2.108) (
b1
b− logM1 )
2 ≥ (g
′)2x21u
2
11
3
≥ (g
′)2u211
18
.
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Inserting this inequality into (2.106), we get from Lemma 2
σij2 Pij ≥ −4
∑
σii2
ρ
− 8σ
ii
2 x
2
i
ρ2
+
σii2 b
2
i
100(b− logM1) −
Cσ1
b− logM1 .(2.109)
≥ −4
∑
σii2
ρ
− 800
∑
σii2
ρ2
+
(g′)2σ112 u
2
11(b− logM1)
180
(2.110)
≥ −4
∑
σii2
ρ
− 800
∑
σii2
ρ2
+
c1(g
′)2(b − logM1)
∑
σii2
180
.(2.111)
So we obtain the estimate
(2.112) ρ2(x) log
σ1(x)
M1
≤ Cρ2(x0) log σ1(x0)
M1
≤ C.
Case 2: there exists j ≥ 2, such that x2j ≥ 16 .
Using (2.96), we have
β
σjj2 b
2
j
(b − logM1)2 = βσ
jj
2 [−
4xj
ρ
+ g′xjujj ]
2
≥ 2βσ
jj
2 x
2
j
ρ2
− 2βσjj2 (g′)2(xjujj)2.
Then we get
σij2 Pij ≥ −4
∑
σii2
ρ
+ (2β − 8)σ
jj
2 x
2
j
ρ2
− Cσ1
b− logM1
+(g′′ − 2β(g′)2)σii2 (xiuii)2.
If we choose g′′ − 2β(g′)2 > 0, by Lemma 2 we have
σij2 Pij ≥ −4
∑
σii2
ρ
+ (2β − 8)σ
jj
2
6ρ2
≥
∑
σii2
ρ
(−4 + (β − 2)c2
300
).
We choose constant above by the following order, first β = 1200
c2
+ 3, then g(t) =
− 12β (log(1 − t20max |Du|+2max |u|+1 )) such that g′′ ≥ 2β(g′)2. We finally get the
estimate (2.94). 
Similarly, if we consider quantity V := log(fσ1 − σ3) we also have the following
Lemma.
Lemma 5. Suppose u are admissible solutions of equations (1.1) on B10 ⊂ R3 ,
then we have in B4 that
(2.113) σij2 V ij ≥ −Cσ1 + fuiV i,
and
(2.114) σ1f − σ3 ≤ M5
log
1
2 M5
log(σ1f − σ3).
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Proof. For the proof of the first inequality (2.113) which is tedious but similar to
Lemma 3, we give its details in the appendix. The second inequality (2.114) follows
from (2.113) almost the same as the proof of Lemma 4. The proof of the second
inequality will also be in the appendix. 
3. Mean value inequality.
In this section we prove a mean value type inequality
Theorem 2. Suppose u are admissible solutions of equations (1.1) on B10 ⊂ R3 ,
then we have
(3.1) sup
B1
σ1 = σ1(y0) ≤ C
ˆ
B1(y0)
σ1(x)(σ1f − σ3)dx.
We prove this theorem similar as Michael-Simon [15].
Proof. First we know from concavety of σ
1
2
2 , we have
σij2 (σ1)ij ≥ △f −
|Df |2
2f
(3.2)
≥ −C(△u)2 + fui(△u)i.(3.3)
Let χ be a non-negative, non-decreasing function in C1(R) with support in the
interval (0,∞) and set
(3.4) ψ(r) =
ˆ ∞
r
tχ(ρ− t)dt
where 0 < ρ < 10, r2 = f(x, u(x), Du(x))|x − y0|2 + |Du(x) −Du(y0)|2. Let us
denote Br = {x ∈ B10(y0)|f(x, u,Du)|x − y0|2 + |Du(x) − Du(y0)|2 ≤ r2}. We
may assume that y¯0 := (y0, Du(y0)) = (0, 0).
By direct computation, we have
(3.5) 2rri = fi|x|2 + 2fxi + 2ukukj ,
and
(3.6) 2rirj + 2rrij = fij |x|2 + 2fixj + 2fjxi + 2fδij + 2ukiukj + 2ukukij .
Because λ2 + λ3 > 0, we may assume λ3 < 0, λ1 ≥ λ2 ≥ λ3 and λ1 large,
fσ1 − σ3 ≥ fλ1 + λ1λ23(3.7)
≥ −cλ1λ3(3.8)
≥ −cλ2λ3.(3.9)
By equation we also have
(3.10) λ2λ1 = f − λ1λ3 − λ2λ3 ≤ C(fσ1 − σ3).
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We then have from (3.5), (3.6), (3.9), (3.10) and Lemma 1
σij2 ψij = σ
ij
2 (−rirχ(ρ− r))j(3.11)
= −σij2 rijrχ(ρ − r)− σij2 rirjχ(ρ− r) + σij2 rirjrχ′(ρ− r)(3.12)
= −χ(ρ− r)σij2 (fδij + ukiukj +
fij |x|2
2
+ 2fixj)(3.13)
−χ(ρ− r)σij2 ukukij + σij2 rirjrχ′(ρ− r)(3.14)
≤ −3(σ1f − σ3)χ+ C(r2χ+ rχ)(fσ1 − σ3) + σij2 rirjrχ′.(3.15)
We claim that
(3.16) σij2 rirj ≤ (fσ1 − σ3)(1 + Cr).
In fact,
σij2 (fi|x|2 + 2fxi + 2ukukj)(fj |x|2 + 2fxj + 2ululj)
4r2
(3.17)
≤ C(fσ1 − σ3)r + σ
ii
2 (fxi + uiuii)
2
r2
.(3.18)
Moreover, we have following elementary properties
(3.19) (fσ1 − σ3)δij − fσij2 = σkl2 ukiulj .
and
(3.20) fσii2 u
2
iix
2
i − 2fσii2 xiuiuii + fσii2 u2i ≥ fσii2 (uiixi − ui)2.
Then we have
(3.21)
σii2 (fxi + uiuii)
2
r2
≤ (fσ1 − σ3).
We obtain from (3.16) and (3.15) that
(3.22) σij2 ψij ≤ (σ1f − σ3)[−3χ+ C(r2χ+ rχ) + (1 + r)rχ′].
Then mutiply both side by σ1 and integral on the domain B10,
ˆ
B10
σ1σ
ij
2 ψijdx ≤ ρ4
d
dρ
(
ˆ
B10
σ1χ(ρ− r)
ρ3
(σ1f − σ3)dx)(3.23)
+C
ˆ
B10
σ1r
2χ′(σ1f − σ3)dx(3.24)
+C
ˆ
B10
rσ1χ(ρ− r)(σ1f − σ3)dx.(3.25)
By (2.12), we have
(3.26) − C
ˆ
B10
σ21ψdx+
ˆ
B10
fui(σ1)iψ ≤
ˆ
B10
σ1σ
ij
2 ψijdx.
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Inserting (3.26) into (3.23), we get
− d
dρ
(
ˆ
B10
σ1χ(ρ− r)
ρ3
(σ1f − σ3)dx) ≤
C
´
B10
rσ1χ(ρ− r)(σ1f − σ3)dx
ρ4
.(3.27)
+
C
´
B10
σ1r
2χ′(σ1f − σ3)dx
ρ4
(3.28)
+
C
´
B10
σ21ψdx−
´
B10
fui(σ1)iψdx
ρ4
.(3.29)
Because χ, χ′ and ψ are all supported in Bρ, we deal with right hand side of
above inequality term by term. For the first term, we have
(3.30)
C
´
B10
rσ1χ(ρ− r)(σ1f − σ3)dx
ρ4
≤ C
´
B10
σ1χ(ρ− r)(σ1f − σ3)dx
ρ3
.
Then for the second term, we integral from δ to R,
ˆ R
δ
´
B10
σ1r
2χ′(σ1f − σ3)dx
ρ4
dρ(3.31)
≤
ˆ R
δ
´
B10
σ1χ
′(σ1f − σ3)dx
ρ2
dρ(3.32)
≤
´
B10
σ1χ(σ1f − σ3)dx
ρ2
|Rδ(3.33)
+
ˆ R
δ
2
´
B10
σ1χ(σ1f − σ3)dx
ρ3
dρ.(3.34)
For the last term, we use (3.5) and definition of ψ to estimate
C
´
B10
σ21ψdx−
´
B10
fui(σ1)iψdx
ρ4
≤ C
´
B10
σ21ψdx−
´
B10
fuiriσ1rχdx
ρ4
(3.35)
≤ C
´
B10
σ21ψdx+
´
B10
σ21rχdx
ρ4
(3.36)
≤ C
´
B10
σ1χ(ρ− r)(σ1f − σ3)dx
ρ3
.(3.37)
Then we combine (3.30), (3.34) and (3.37) with integrating from 0 ≤ δ to R ≤ 10,
(3.38)
ˆ
B10
σ1(σ1f − σ3)χ(δ − r)
δ3
dx ≤ C
ˆ
B10
σ1(σ1f − σ3)χ(R − r)
R3
dx
Letting χ approximate the characteristic function of the interval (−∞, 0), in an
appropriate fashion, we obtain,
(3.39)
´
Bδ
σ1(σ1f − σ3)
δ3
≤ C
´
BR
σ1(σ1f − σ3)
R3
.
Because the graph (x,Du) where u satisfied equation (1.1) can be viewed as a
three dimensional smooth submanifold in (R3 ×R3, fdx2 + dy2) with volume form
exactly σ1f − σ3. We note that the boundedness of the mean curvature is encoded
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in the above proof. Moreover, the geodesic ball with radius δ of this submanifold
is comparable with Bδ. Then let δ → 0, we finally get
σ1(y0) ≤ C
´
BR(y¯0)
σ1(σ1f − σ3)dx
R3
≤ C
´
BR(y0)
σ1(σ1f − σ3)dx
R3
.

4. Proof of the theroem
Proof. From Theorem 2, Lemma 5 and Lemma (4), we have at maximum point x0
of B¯1(0)
M1 ≤
ˆ
B1(x0)
σ1(σ1f − σ3)dx(4.1)
≤ M5
log
1
2 M5
ˆ
B1(x0)
log(σ1f − σ3)σ1dx(4.2)
≤ CM1
log
1
2 M1
ˆ
B1(x0)
σ1 log σ1dx.(4.3)
Recall that
(4.4) σij2 bij ≥
1
100
σij2 bibj − Cσ1 +
∑
i
fuibi,
We have integral version of this inequality for any r < 5,
(4.5)
ˆ
Br
−σij2 φibi ≥ c0
ˆ
Br
φσij2 bibj − C(1 +
ˆ
Br
∑
i
fuibiφ).
for all non-negative φ ∈ C∞0 . We choose different cutoff functions all are denoted
0 ≤ φ ≤ 1, which support in larger ball Br+1(x0) and equals to 1 in smaller ball
Br(x0) and |∇φ|+ |∇2φ| ≤ C.ˆ
B1(x0)
bσ1 ≤
ˆ
B2(x0)
φbσ1(4.6)
≤ C(
ˆ
B2(x0)
b+
ˆ
B2(x0)
|∇b|)(4.7)
≤ C(1 +
ˆ
B2(x0)
|∇b|).(4.8)
We only need to estimate
´
B2(x0)
|∇b|. We use
(4.9) σ1σ
ij
2 ≥ cδij ,
to get
(4.10)
ˆ
B2(x0)
|∇b| ≤
ˆ
B2(x0)
√
σij2 bibj
√
σ1.
By Holder inequality, we use (4.4),ˆ
B2(x0)
|∇b| ≤ (
ˆ
B2(x0)
σij2 bibj)
1
2 (
ˆ
B2(x0)
σ1)
1
2(4.11)
≤ C
ˆ
B3(x0)
φ2σij2 bibj .(4.12)
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Then using (4.5), we get
ˆ
B3(x0)
φ2σij2 bibj ≤ C(
ˆ
B3(x0)
φ2σij2 bij + 1 +
ˆ
B3(x0)
φ2|∇b|)(4.13)
≤ C(
ˆ
B3(x0)
−φσij2 φibi + 1(4.14)
+
ˆ
B3(x0)
φ2
√
σij2 bibj
√
σ1)(4.15)
By Cauchy-Schwarz inequality
ˆ
B3(x0)
φ2σij2 bibj ≤ C(ǫ
ˆ
B3(x0)
φ2σij2 bibj +
ˆ
B3(x0)
σij2 φiφi +
1
ǫ
)(4.16)
≤ Cǫ
ˆ
B3(x0)
φ2σij2 bibj +
C
ǫ
.(4.17)
We Choose ǫ small such that Cǫ ≤ 12 ,
ˆ
B3(x0)
φ2σij2 bibj ≤ C.(4.18)
Finally, combine (4.3), (4.8), (4.12) and (4.18), we get the estimate
(4.19) logM1 ≤ C.

5. Appendix
We prove a differential Equation of V = log(fσ1 − σ3) in Lemma 5.
Proof. As in Lemma 3, we assume that {uij} is diagonal. The differential equations
of V are
(5.1) V i =
(σ1)if + σ1fi − (σ3)i
σ1f − σ3 ,
and
V ij =
(σ1)ijf + (σ1)ifj + (σ1)jfi + σ1fij − (σ3)ij
σ1f − σ3(5.2)
− [(σ1)if + σ1fi − (σ3)i][(σ1)jf + σ1fj − (σ3)j ]
(σ1f − σ3)2 .(5.3)
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We contract with σij2 and use (2.3),
σij2 V ij =
fσij2 ukkij + 2σ
ii
2 (σ1)ifi + σ1σ
ij
2 fij − σij2 (σ3)ij
σ1f − σ3(5.4)
−σ
ii
2 [(σ1)if + σ1fi − (σ3)i]2
(σ1f − σ3)2(5.5)
=
−f ∑
i
∑
k 6=p
ukkiuppi + f
∑
i
∑
k 6=p
u2kpi + 2σ
ii
2 (σ1)ifi
σ1f − σ3(5.6)
− ∑
k 6=p
σii2 σ1(λ|kp)ukkiuppi +
∑
k 6=p
σii2 σ1(λ|kp)u2kpi
σ1f − σ3(5.7)
+
σ1σ
ij
2 fij
σ1f − σ3 −
σii3 (
∑
k 6=p
u2kpi −
∑
k 6=p
ukkiuppi)
σ1f − σ3(5.8)
−σ
ii
2 [(σ1)if + σ1fi − (σ3)i]2
(σ1f − σ3)2 +
f△f − σij3 fij
σ1f − σ3 .(5.9)
We devided above equation into following four parts,
I : =
∑
i
∑
k 6=p
(−f − σii2 σ1(λ|kp) + σii3 )ukkiuppi
σ1f − σ3(5.10)
=
−∑
i
∑
k 6=p
σii2 (λi + σ1(λ|kp))ukkiuppi
σ1f − σ3 .(5.11)
II : =
∑
i
∑
k 6=p
(f + σii2 σ1(λ|kp)− σii3 )u2kpi
σ1f − σ3(5.12)
=
∑
i
∑
k 6=p
σii2 (λi + σ1(λ|kp))u2kpi
σ1f − σ3 .(5.13)
III : = −σ
ii
2 [(σ1)if + σ1fi − (σ3)i]2
(σ1f − σ3)2(5.14)
= −
σii2 [
∑
k
λkσ
kk
2 ukki + σ1fi]
2
(σ1f − σ3)2 .(5.15)
(5.16) IV :=
2σii2 (σ1)ifi
σ1f − σ3 +
σ1σ
ij
2 fij
σ1f − σ3 +
f∆f − σij3 fij
σ1f − σ3 .
Then we use following equation to replace the ukkk term above,
(5.17)
∑
i6=k
σii2 uiik + σ
kk
2 ukkk = fk.
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We have
I =
−2 ∑
k 6=p,i6=p,i6=k
σii2 λiukkiuppi
σ1f − σ3(5.18)
−
2
∑
p
∑
k 6=p
σkk2 ukkpσ
pp
2 uppp
σ1f − σ3(5.19)
=
−2 ∑
k 6=p,i6=p,i6=k
σii2 λiukkiuppi
σ1f − σ3(5.20)
−
2
∑
p
∑
k 6=p
σkk2 ukkp(fp −
∑
i6=p
σii2 uiip)
σ1f − σ3(5.21)
=
−2∑k 6=p,i6=p,i6=k σii2 λiukkiuppi
σ1f − σ3(5.22)
−2
∑
k 6=p σ
kk
2 ukkpfp
σ1f − σ3 + 2
∑
p
∑
k 6=p(σ
kk
2 )
2(ukkp)
2
σ1f − σ3(5.23)
+2
∑
k 6=p,i6=p,i6=k
σkk2 σ
ii
2 uiipukkp
σ1f − σ3(5.24)
=
2
∑
k 6=p,i6=p,i6=k
(−σii2 λi + σkk2 σpp2 )ukkiuppi
σ1f − σ3(5.25)
−
2
∑
k 6=p
σkk2 ukkpfp
σ1f − σ3 + 2
∑
p
∑
k 6=p
(σkk2 )
2(ukkp)
2
σ1f − σ3 .(5.26)
And
II =
2
∑
k 6=p,i6=p,i6=k
σii2 λiu
2
kpi
σ1f − σ3(5.27)
+
2
∑
k 6=p σ
pp
2 σ
kk
2 u
2
kpp
σ1f − σ3(5.28)
=
4fu2123
σ1f − σ3 +
2
∑
k 6=p σ
pp
2 σ
kk
2 u
2
kpp
σ1f − σ3 .(5.29)
III = −σ
ii
2 [
∑
k 6=i λkσ
kk
2 ukki + λi(fi − σkk2 ukki) + σ1fi]2
(σ1f − σ3)2(5.30)
= −σ
ii
2 [
∑
k 6=i(λk − λi)σkk2 ukki + λifi + σ1fi]2
(σ1f − σ3)2 .(5.31)
There is an identity
(5.32) σ1f − σ3 = σ112 σ222 σ332 .
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Then we get
III = − (λ3 − λ1)
2σ332 u
2
331
(σ1f − σ3)σ222
− 2(λ3 − λ1)(λ2 − λ1)u221u331
σ1f − σ3(5.33)
− (λ2 − λ1)
2σ222 u
2
221
(σ1f − σ3)σ332
+
2(λ1 + σ1)f1(λ1 − λ3)u331
(σ1f − σ3)σ222
(5.34)
+
2(λ1 + σ1)f1(λ1 − λ2)u221
(σ1f − σ3)σ332
− σ
11
2 (λ1 + σ1)
2f21
(σ1f − σ3)2(5.35)
− (λ3 − λ2)
2σ332 u
2
332
(σ1f − σ3)σ112
− 2(λ3 − λ2)(λ1 − λ2)u112u332
σ1f − σ3(5.36)
− (λ1 − λ2)σ
11
2 u
2
112
(σ1f − σ3)σ332
+
2(λ2 + σ1)f2(λ2 − λ3)u332
(σ1f − σ3)σ112
(5.37)
+
2(λ2 − λ1)u112f2(σ1 + λ2)
(σ1f − σ3)σ332
− σ
22
2 (λ2 + σ1)
2f22
(σ1f − σ3)2(5.38)
− (λ1 − λ3)
2σ112 u
2
113
(σ1f − σ3)σ222
− (λ2 − λ3)
2σ222 u
2
223
(σ1f − σ3)σ112
(5.39)
−2(λ1 − λ3)(λ2 − λ3)u113u223
σ1f − σ3 −
σ332 (λ3 + σ1)
2f23
(σ1f − σ3)2(5.40)
+
2(λ3 − λ1)u113(λ3 + σ1)f3
(σ1f − σ3)σ222
+
2(λ3 − λ2)u223(λ3 + σ1)f3
(σ1f − σ3)σ112
.(5.41)
We can also compute I and II explicitly,
I = −
2
∑
k 6=1
σkk2 ukk1f1
σ1f − σ3 −
2
∑
k 6=2
σkk2 ukk2f2
σ1f − σ3 −
2
∑
k 6=3
σkk2 ukk3f3
σ1f − σ3(5.42)
+2
(σ222 )
2(u221)
2
σ1f − σ3 + 2
(σ332 )
2(u331)
2
σ1f − σ3 + 2
(σ112 )
2(u112)
2
σ1f − σ3(5.43)
+2
(σ332 )
2(u332)
2
σ1f − σ3 + 2
(σ112 )
2(u113)
2
σ1f − σ3 + 2
(σ222 )
2(u223)
2
σ1f − σ3(5.44)
+
4(−σ112 λ1 + σ222 σ332 )u221u331
σ1f − σ3 +
4(−σ222 λ2 + σ112 σ332 )u112u332
σ1f − σ3(5.45)
+
4(−σ332 λ3 + σ222 σ112 )u223u113
σ1f − σ3 .(5.46)
And
II =
4fu2123
σ1f − σ3 +
2
∑
k 6=p
σpp2 σ
kk
2 u
2
kpp
σ1f − σ3(5.47)
=
4fu2123
σ1f − σ3 +
2σ112 σ
22
2 u
2
211
σ1f − σ3 +
2σ112 σ
33
2 u
2
311
σ1f − σ3(5.48)
+
2σ222 σ
11
2 u
2
122
σ1f − σ3 +
2σ222 σ
33
2 u
2
322
σ1f − σ3(5.49)
+
2σ332 σ
11
2 u
2
133
σ1f − σ3 +
2σ332 σ
22
2 u
2
233
σ1f − σ3 .(5.50)
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We also have from Lemma 1,
IV ≥ 2σ
11
2 (σ1)1f1
σ1f − σ3 +
2σ222 (σ1)2f2
σ1f − σ3 +
2σ332 (σ1)3f3
σ1f − σ3(5.51)
−Cσ1 + fui [σ1fi + f(σ1)i − (σ3)i]
σ1f − σ3(5.52)
=
2σ112 (
f1−σ
22
2
u221−σ
33
2
u331
σ11
2
+ u221 + u331)f1
σ1f − σ3(5.53)
+
2σ222 (
f2−σ
11
2
u112−σ
33
2
u332
σ22
2
+ u112 + u332)f2
σ1f − σ3(5.54)
+
2σ332 (
f3−σ
22
2
u223−σ
11
2
u113
σ33
2
+ u223 + u113)f3
σ1f − σ3(5.55)
−Cσ1 + fuiVi(5.56)
=
2((λ2 − λ1)u221 + (λ3 − λ1)u331)f1
σ1f − σ3(5.57)
+
2((λ1 − λ2)u112 + (λ3 − λ2)u332)f2
σ1f − σ3(5.58)
+
2((λ2 − λ3)u223 + (λ1 − λ3)u113)f3
σ1f − σ3(5.59)
−Cσ1 + fuiVi.(5.60)
So we combine above inequalities
σij2 V ij ≥ -
4λ2u221f1σ
22
2
(σ1f − σ3)σ332
− 4λ3u331f1σ
33
2
(σ1f − σ3)σ222
(5.61)
-
4λ1u112f2σ
11
2
(σ1f − σ3)σ332
− 4λ3u332f2σ
33
2
(σ1f − σ3)σ112
(5.62)
− 4λ1u113f3σ
11
2
(σ1f − σ3)σ222
− 4λ2u223f3σ
22
2
(σ1f − σ3)σ112
(5.63)
+
2σ222 σ
33
2 u221u331
σ1f − σ3 +
2σ112 σ
33
2 u112u332
σ1f − σ3(5.64)
+
2σ112 σ
22
2 u113u223
σ1f − σ3 +
4fu2123
σ1f − σ3(5.65)
+
σ332 [4f + (σ
22
2 )
2]u2331
(σ1f − σ3)σ222
+
σ222 [4f + (σ
33
2 )
2]u2221
(σ1f − σ3)σ332
(5.66)
+
σ332 [4f + (σ
11
2 )
2]u2332
(σ1f − σ3)σ112
+
σ112 [4f + (σ
33
2 )
2]u2112
(σ1f − σ3)σ332
(5.67)
+
σ112 [4f + (σ
22
2 )
2]u2113
(σ1f − σ3)σ222
+
σ222 [4f + (σ
11
2 )
2]u2223
(σ1f − σ3)σ112
(5.68)
−Cσ1 + fuiVi.(5.69)
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Square these terms,
σij2 V ij ≥
σ222 σ
33
2 (u331 + u221)
2
σ1f − σ3 +
σ332 σ
11
2 (u332 + u112)
2
σ1f − σ3(5.70)
+
σ112 σ
22
2 (u113 + u223)
2
σ1f − σ3 +
4fu2123
σ1f − σ3(5.71)
+
4fσ332 (u331 − f12f λ3)2
(σ1f − σ3)σ222
+
4fσ222 (u221 − f12f λ2)2
(σ1f − σ3)σ332
(5.72)
+
4fσ332 (u332 − f22f λ3)2
(σ1f − σ3)σ112
+
4fσ112 (u112 − f22f λ1)2
(σ1f − σ3)σ332
(5.73)
+
4fσ112 (u113 − f32f λ1)2
(σ1f − σ3)σ222
+
4fσ222 (u223 − f32f λ2)2
(σ1f − σ3)σ112
(5.74)
−Cσ1 + fuiV i.(5.75)
In above inequality we have used
σ222 f
2
3λ
2
2
(σ1f − σ3)σ112
≤ Cσ
22
2 λ
2
3λ
2
2
(σ1f − σ3)σ112
(5.76)
=
Cσ222 (f − λ1σ112 )2
(σ1f − σ3)σ112
(5.77)
≤ Cσ1 + Cσ
22
2 σ
11
2 λ
2
1
σ1f − σ3(5.78)
≤ Cσ1 + Cσ
22
2 (fλ1 − σ3)
σ1f − σ3(5.79)
≤ Cσ1.(5.80)
So we have proved this lemma. 
5.1. Proof of (2.114). Denote ρ(x) = 52−|x|2, andMr := supB1 σ1. We consider
test function
(5.81) ϕ(x) = 4 log ρ(x) + h(
|Du|2
2
) + log log{ (σ1f − σ3) log
1
2 M5
M5 log(σ1f − σ3) , 20}
in B5, where h(t) = − 12 log(1− t2max |Du|2+1 ).
Assume ϕ attains its maximum point z0 ∈ Ω , and (σ1f−σ3) log
1
2 M5
M5 log(σ1f−σ3)
> 20. Then ϕ
must attained its maximum point in the ring B5. Moreover, we may always assume
(σ1f−σ3) log
1
2 M5
M5 log(σ1f−σ3)
sufficiant large. We choose coordinate frame {e1, e2, e3}, such that
D2u is diagonalized at this point. We denote M = log M5
log
1
2 M5
.
By maximum principle, at z0, we have
(5.82) 0 = ϕi =
4ρi
ρ
+ h′ukuki +
Vi − ViV
V −M − logV .
and
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ϕij =
4ρij
ρ
− 4ρiρj
ρ2
+ h′′ukukiululj + h
′(ukjuki + ukukij)(5.83)
+
Vij − VijV +
ViVj
V 2
V −M − logV −
ViVj
(V −M − logV )2 (1−
1
V
)2.(5.84)
Contracting with σij2 :=
∂σ2(D
2u)
∂uij
, we get
σij2 ϕij ≥ −8
∑
σii2
ρ
− 16σ
ii
2 x
2
i
ρ2
+ h′′σii2 u
2
iu
2
ii + h
′(σ1f − 3σ3)
+h′uifi +
σii2 Vii(1− 1V )
V −M − logV −
σii2 V
2
i
(V −M − logV )2 (1−
1
V
)2.
By (2.113),
(5.85) σii2 Vii ≥ −Cσ1 + fuiVi.
And by (5.82),
(5.86) fui
Vi − ViV
V −M − logV + h
′uifi ≥ −C(1
ρ
+ h′)
Then combine this inequality and (5.82), we have
σij2 ϕij ≥ −8
∑
σii2
ρ
− 48σ
ii
2 x
2
i
ρ2
+ (h′′ − 2(h′)2)σii2 u2iu2ii(5.87)
+
h′
2
(σ1f − 3σ3).(5.88)
If we choose h(t) = − 12 log(1 − t2max |Du|2 ) such that h′′ − 2(h′)2 ≥ 0, we have
σij2 ϕij ≥ −4
∑
σii2
ρ
− 1200
∑
σii2
ρ2
+ h′
M5 log(σ1f − σ3)
log
1
2 M5
(5.89)
≥ −1300
∑
σii2
ρ2
+ h′
M5 log
1
2 M5
2
.(5.90)
So we get
(5.91) ρ4(z0) log
(σ1f − σ3)(z0) log
1
2 M5
M5 log(σ1f − σ3)(z0) ≤ 3ρ
4(z0) logM5 ≤ C.
Finally, we obtain in B4
(5.92) (σ1f − σ3)(x) ≤ M5 log(σ1f − σ3)
log
1
2 M5
.
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